Polymerization of rigid rodlike molecules with reactive end groups requires near parallel orientation of the molecules. The reaction is diffusion limited because of the low mobility of the molecules in the later stages of the reaction. Experimental studies have shown that flow-induced molecular orientation enhances the rate of polymerization ͓Agarwal and Khakhar, Nature 360, 53 ͑1992͔͒. Here a theoretical study of the polymerization under axisymmetric extensional flow is carried out to obtain the effective reaction rate constant (k eff ) for the reaction. Computations show that an increase in the intrinsic rate constant (k h ) results in a decrease in the relative rate constant k rel ϭk eff /k h . Reduction in the rotational diffusivity (D r ) results in a significant reduction in k rel ; however, the variation of the translational diffusion coefficient perpendicular to the rod axis D Ќ has only a small effect for D Ќ /D ʈ Ӷ1, where D ʈ is the diffusivity parallel to the rod axis. The imposition of flow increases the effective rate constant, however, the variation of k rel with other parameters remains qualitatively similar at different Peclet numbers (Peϭ/D r , where is the extensional rate͒. To simulate the variation of the rate constant during polymerization, computations are carried out for different rod lengths using correlations to estimate rod diffusivities. Results indicate that k rel initially decreases and then increases after a certain critical degree of polymerization, which reduces with increase in Peclet number. For sufficiently high extensional rates (ϳ200 s Ϫ1 ) the rate constant becomes higher than the intrinsic value (k rel Ͼ1).
I. INTRODUCTION
Rodlike polymers are relatively inflexible due to their chemical structure usually comprising double bonds and phenylene rings in their backbone, which severely restrict internal rotation making the polymers take an elongated form. 1 Aromatic polyamides, polypeptides and polynucleotides are examples of such polymers. The anisotropic shape permits a very high degree of molecular orientation upon extension into ultra high modulus fibers, which find a wide range of applications. In the case of rodlike polymers of practical importance, the polymerization reaction follows the step growth mechanism in which any two oligomers with the appropriate end functional groups may react to form a larger molecule. Reaction requires translation of the two reacting species so that the end groups are within a critical reaction radius as well as near parallel relative orientation of the molecules. 2 The reaction becomes diffusion controlled with an increase in the length of the molecules because of the low mobility of the rods. Slowing of the reaction due to diffusion control has the practical implication of limiting the final molecular weight of the polymer in the presence of end-capping side reactions. This is undesirable since high molecular weight is essential for achieving high strength of the products. 1 The kinetics of diffusion controlled polymerization has thus been studied in a number of previous works and a brief review is given below.
To explain the slowing of the polymerization of rodlike polymer poly͑p-phenylene benzobisoxazole͒ Cotts and Berry 2 proposed that the reaction was under rotational diffusion control. The orientation constraint for reaction requires the rotation of the entire molecule, which is very slow for long molecules since the rotational diffusivity decreases sharply with molecular length. Most previous studies report slowing down of the polymerization reaction due to diffusion control. [3] [4] [5] [6] The role of flow on the step growth polymerization of rodlike polymers has been systematically studied in only a few previous works, though the benefits of stirring have been noted in several studies.
3,5, 7 Agarwal and Khakhar 8, 9 synthesized poly͑p-phenylene terepthalamide͒ ͑PPDT͒ in a two-reactor system in which the monomers were mixed in a solvent in reactor I by means of high speed stirring and then transferred to reactor II, a concentric cylinder system which produced a uniform shear flow in the gap between the cylinders. Thus the entire polymerizing mixture, injected in the gap, experienced a uniform shear rate ensuring that the orientation of molecules was the same everywhere in reactor II. They observed an increase in reaction rate with the increase in shear rate of the imposed shear flow during polymerization. They also reported that the final degree of polymerization increased only if the shear rates are high in the final stage of reaction. The increase in the polymerization rate was proposed to be due to shear flow induced orientation of molecules. Simultaneous measurements of birefringence 9 during reaction showed significant orientation of molecules in the later stages of the reaction when the molecules were relatively long, and when a significant increase in the polymerization rate was observed. Jo et al. 10 repeated the experiments of Agarwal and Khakhar 8 18 approach to obtain the second order effective rate constant for the reaction, incorporating the orientational constraint for reaction. Computational results obtained using the finite element method showed that the rate constant decreased with decreasing rotational diffusivity and translational diffusivity perpendicular to the rod axis. Predictions of the model were compared to experimental data for PPDT polymerization. 6 The model gave a length ͑L͒ and concentration ͑C͒ dependence of the effective rate constant of the form
͑1͒
and results of a population balance analysis incorporating this dependence were in good agreement with experimental data. 6 Gupta and Khakhar 19 used pairwise Brownian dynamics instead of the finite element method for computing the rate constant for rodlike molecules. This method is very simple to implement, however, it is computationally intensive. The only previous computational analysis of polymerization of rodlike molecules in a shear flow appears to be that of Agarwal and Khakhar 20 who considered the reaction of bead-rod chains of varying rigidity in 2D subjected to a shear flow. Although the model is simplistic, it gives results that are qualitatively similar to experimental results-shear flow produces an increase in reaction rate between stiff molecules, which are oriented to a greater extent by flow.
The objective of the present work is to understand by means of theoretical modeling the effect of application of extensional flow during solution polymerization of rodlike molecules. Specifically, the effective rate constant for the diffusion-controlled polymerization under extensional flow is obtained using the Smoluchowski 18 approach. Due to the complexity of the governing partial differential equations to be solved, a numerical approach using the finite difference method is used. The analysis yields the rate constant for the reaction in terms of the system parameters ͑such as rod length, shear rate, critical orientation for reaction, etc.͒ which would be useful for computing the evolution of molecular weight and molecular weight distribution during polymerization.
The mathematical formulation is given in Sec. II and the finite difference formulation is presented in Sec. III. Section IV gives the results and discussion, and the conclusions are presented in Sec. V.
II. MODEL FOR DIFFUSION-LIMITED REACTION WITH FLOW

A. Model equations
The steady state diffusion equation for rigid rods in a flow field including both the translational and rotational diffusion and in the absence of an interaction potential is given by 21 ‫ץ‬ ‫ץ‬R
where (r,u) gives the number density of molecules at position r, u is the unit vector specifying molecular orientation, D r is the orientation dependent rotational diffusivity, is the velocity gradient tensor and Rϭuϫ‫ץ/ץ‬u is the rotational gradient operator. The mobility of rods is expressed in terms of three diffusion coefficients D ʈ , the translational diffusivity parallel to the rod axis, D Ќ , the translational diffusivity perpendicular to the rod axis and D r , the anisotropic rotational diffusivity. The orientation dependent rotational diffusion coefficient of a rod is given by 22 D r ϭD rͫ 4
where D r is the rotational diffusivity in an isotropic medium, u is the unit vector in the direction of the axis of the rod and uЈ is the unit vector in the direction of a neighboring rod. As the rods become more oriented, D r becomes more direction dependent and its average value increases.
The approximate reaction criterion for approach of two reactive neighboring tips in terms of position of center of mass of the diffusing molecules is given by the condition ͉r͉рa 16 ͑Fig. 1͒. 16 The near parallel alignment required for reaction between two rodlike molecules is quantitatively given by р c , where is the relative angle of orientation between the molecules and c is the specified critical angle. The reaction zone is considered impenetrable, and the par- tially absorbing reaction boundary condition for translational diffusion flux at the reaction surface (͉r͉ϭa) is given as
where n is the unit vector perpendicular to the spherical reaction surface of radius a and k s is the intrinsic reaction rate constant. The far field boundary condition is
where ϱ is far field bulk number concentration. The far field bulk number concentration is computed using the equation
which is a simplification of the Eq. ͑2͒ obtained considering the system to be homogeneous ͑no spatial dependence͒. Formulating the reaction diffusion problem in spherical coordinates, with (r, r , r ) defining the spatial position of the rod center of mass and (,) the orientation of rods, yields ϭ(r, r , r ,,) ͑Fig. 1͒. The velocity gradient tensor for axisymmetric extensional flow in spherical coordinates with basis vectors (ê r ,ê r ,ê r ) is and is independent of the azimuthal orientation angle (). Thus the far field concentration depends only on , that is, ϱ ϭ ϱ (). For c Ӷ1 and for an axisymmetric far field number concentration, the concentration field is independent of the azimuthal orientation and center of mass position, and r , respectively, so that ϭ(r, r ,). The Smoluchowski equation thus reduces to
where Aϭcos cos r and BϭϪcos sin r . In this case the symmetry boundary conditions are
The effective rate constant is
where ͗•͘ denotes an average over all orientations. The above equation gives k s ϭk h /͓4a 2 (1Ϫcos c )͔ in the limit of no diffusional limitations and no flow ((r, r ,) ϭ͗ ϱ ͘) where k h is the intrinsic rate constant in the absence of diffusional limitations and flow.
B. Dimensionless equations
We obtain the governing equations for the problem in dimensionless form by rescaling number density as N ϭ/͗ ϱ ͘, and the distance as ϭr/a. The dimensionless steady state governing equation after simplification thus becomes
The dimensionless parameters of the problem are s ϭD ʈ /a 2 D r , the rotational diffusional resistance, ␥ ϭD Ќ /D ʈ , the dimensionless translational diffusivity perpendicular to the axis, Peϭ/D r , the Peclet number, and ϭD r /D r , the correction to the rotational diffusivity due to molecular orientation. We note that Eq. ͑12͒ reduces to that given by Agarwal and Khakhar 17 for Peϭ0. The far field boundary condition in dimensionless form is
and the symmetry boundary conditions are
The reaction boundary condition at ϭ1 becomes
where ␣ϭk s a/D ʈ is the dimensionless intrinsic reactivity. The dimensionless rate constant is given by
and the dimensionless homogeneous rate constant by
The dimensionless governing equation for the far field concentration is given by
with the boundary condition
Computations of the parameters require estimation of the diffusivities. In dilute solutions diffusivities are estimated by the equations given by Broersma
where k B is Boltzmann constant, T is temperature, is viscosity and pϭL/d is the aspect ratio. The constants ␥ r , ␥ Ќ and ␥ ʈ are evaluated by using expressions given by Broersma.
23
The rotational and perpendicular diffusivities of the rod in the semidilute regime are calculated from the following expressions obtained by Teraoka and Hayakawa: 24, 25 
where A 1 ϭ0.0275 and A 2 ϭ0.044 122 are constants and D r0 and D Ќ0 are the corresponding dilute solution diffusivities calculated as above. The translational diffusivity parallel to the rod axis is taken to be equal to its dilute value (D ʈ
III. FINITE DIFFERENCE METHOD FORMULATION
The three dimensional finite difference method ͑FDM͒ is used here to obtain the solution of the steady state Eq. ͑12͒ with the boundary conditions given in Eqs. ͑13͒-͑16͒. The dimensionless equation is first discretized using difference schemes for each variable and the domain is divided into approximately 47 000 grid points. Increasing the number of grid points does not give an improvement of the solution. The grid size on each of the three axes is different and the grid size varies along each axis. The grid size along the r direction is taken to be equal as there are no steep gradients in this direction. In the direction the elements are smaller near the critical angle of orientation ( c ) as there is a steep gradient of number density in that region. The element size in the direction increases in geometric progression starting from ϭ1 to ϭ f since the radial gradient decreases with distance from the reaction surface. Here the infinite system is replaced by a system of finite size f and the far field boundary condition is modified as
and f is taken to be sufficiently large so that further increase does not produce a change in the solution. Agarwal and Khakhar 17 showed that the concentration profile levels out to NϭN ϱ at ϭ f ϭ2 c , and the modified boundary condition becomes
In the present study we take f ϭ5 c , which gives slightly improved results. A set of linear equations is obtained to calculate the nodal values. As the set of equations forms a sparse matrix, it is stored in a memory saving indexed sparse format. 26 The sparse matrix is solved by iteration using the biconjugate gradient method 26 to obtain the number density and the rate constant.
IV. RESULTS AND DISCUSSION
The results based on the current work were compared with all the results given in the earlier studies of Agarwal and Khakhar 16, 17 for diffusion-controlled polymerization under no flow conditions (Peϭ0) in the dilute (␥ϭ1) and semidilute (␥Ӷ1) concentration regimes. The results obtained matched closely with these previous results. 27 Here we first present computational results to illustrate the effect of the dimensionless parameters on the rate of polymerization under flow conditions. The variation of the effective rate constant during polymerization, which is a consequence of the increase in the average length of polymers accompanied by a reduction in a number concentration, is considered next.
A. Parametric study
One direct effect of imposition of the flow is that the far field concentration becomes dependent on the molecular ori- entation . The molecular orientations due to flow also alter the rotational diffusivity as given by the factor (ϭD r /D r ) which accounts for the anisotropy in rotational diffusivity, thus making it dependent. In Fig. 2 , the far field number density at orientation angle ϭ0 is plotted against the Pe number. The results indicate that the imposition of extensional flow produces significant orientation of molecules in the flow direction only for PeϾ10.
Typical concentration profiles for the variation of concentration with coordinates , and r are given in Fig. 3 . The concentration profiles with and without flow are very similar, the primary difference being the magnitude of the number density ͑N͒ which is significantly higher for the flow systems ͑Fig. 3͒ due to molecular orientation. The number density at r ϭ0 ͑along axis of symmetry͒ increases sharply with orientation angle near the critical angle orientation angle ( c ), and at sufficiently large orientation angles ( Ӎ0.03 c ) the number density is equal to the far field number density ͓Figs. 3͑a͒, 3͑c͔͒. With increasing distance from the reaction surface the number density at r ϭ0 increases and approaches the far field value ͓Figs. 3͑a͒, 3͑c͔͒. The spatial variation of the number density of molecules oriented along the symmetry axis (ϭ0) is shown in Figs. 3͑b͒, 3͑d͒ for the no flow and flow cases, respectively. The number density is lowest near the reaction surface (ϭ1) and at the axis of symmetry ( r ϭ0) and increases with increasing angular and radial distance. No sharp changes are seen in this graph.
The change in the relative rate constant with rotational diffusional resistance ͑s͒ for different values of Peclet number ͑Pe͒ is given in Fig. 4 . The rate constant decreases with the increase in s ͑decrease in rotational diffusivity͒ and achieves a constant value at higher values of s. In this limit the reaction flux is entirely due to translational diffusion of the correctly oriented molecules. The relative rate constant increases with the increase in Pe. In the case of no flow ͑Peϭ0͒ and high rotational diffusivity the effective rate constant is equal to the intrinsic rate constant so that k rel ϭ1. Increasing the Peclet number increases the relative rate constant to values greater than unity implying the effective rate of reaction is higher than the intrinsic rate of reaction. While this result may seem counterintuitive the explanation for it is straightforward. Orientation of molecules results in a higher effective concentration of molecules suitable for reaction. Thus the rate constant calculated on the basis of the bulk concentration is higher than the intrinsic value, and the flow has a catalystlike effect on the reaction. More than a fourfold increase in rate may be possible, as shown below.
The effect of anisotropic translational diffusion on the concentration profiles is given in Fig. 5 6 . ͑a͒ and ͑b͒ Peϭ0, ͑c͒ and ͑d͒ Peϭ10, for ͑a͒ and ͑c͒ r ϭ0.00 c , ͑b͒ and ͑d͒ ϭ0.000 of ␥ corresponds to a lower perpendicular translational diffusivity, thereby decreasing the mobility of molecules. The result of this is clearly seen in the concentration profiles ͑Fig. 5͒ which show higher gradients with the decrease in the value of ␥. The concentration profiles are similar for all values of the Pe number but are shifted upward for increasing Pe number.
The effect of anisotropic translational diffusion (␥) and intrinsic rate constant (␣) on the relative rate constant is shown in Fig. 6 for sϭ10 6 and c ϭ0.01 c , and different values of Pe. The relative rate constant increases with increasing Pe number as found above, and shows a power law dependence. Further, k rel decreases with increasing ␣ values, which are a measure of the homogeneous rate constant (k h ). This occurs because a faster intrinsic reaction results in greater relative importance of diffusional resistance. The actual rate constant (k eff ϭk rel k h ) increases with ␣. The graph also shows that for the values of ␣ used ͑1, 10 and 100͒ the slope remains the same but only the intercept changes. There is no significant variation of k rel with ␥ in the range 0.01 to 0.1, though the relative rate constant is slightly higher for higher values of ␥ for all Pe. Figure 7 shows the variation of the relative rate constant with c for a fixed value of homogeneous rate constant (k h ). The curves for different Peclet numbers are almost parallel to each other and as seen earlier the value of k rel increases with the increase in the Peclet number. An increase in c decreases ␣ ͓Eq. ͑18͔͒ when the homogeneous rate constant is kept fixed which results in an increase in k rel ͑Fig. 6͒. Further, the increase in c relaxes the reaction criterion thereby allowing a greater number of molecules to satisfy the reaction condition, and both of these effects cause an increase in k rel with c ͑Fig. 7͒.
A scaling analysis shows that the effective rate constant depends on the combined parameter c ͱs. Computational results for ␣ϭ1 and Peϭ10 support this, and k rel remains unchanged (k rel ϭ1.409) for constant c ͱsϭ10 even when c and s are changed over a wide range: c (10 Ϫ5 ,10 Ϫ1 ) and s (10 4 ,10 12 ). Similar results are obtained for the no flow case ͑Peϭ0͒.
B. Variation of the rate constant during polymerization
The evolution of the rate constant during the course of the polymerization is studied by using the calculated values of the dimensionless parameters for an increasing degree of polymerization (DPϭL/L 0 ). A sample case is shown in Table I for initial concentration C 0 ϭ0.1 mol/l, a value of the homogeneous rate constant (k h ) to obtain ␣ 100 ϭ1.0 and an extensional rate such that Pe 100 ϭ1, where the subscript denotes the value is calculated at DPϭ100. The molecules are all assumed to be of equal size at a particular DP and the number density reduces with degree of polymerization (DP) as
Parameters are similarly calculated for higher values of the extensional rate so as to obtain Pe 100 ϭ10 and 100, and for initial concentration C 0 ϭ0.2 mol/l. The parameters used in Figure 8 shows the change in k rel with DP under different flow conditions for two different initial concentrations using dimensionless parameters given in Table I and for higher Pe and C 0 . Close to the start of the reaction (DP ϭ10) k rel ϭ1 at for all three Pe 100 values, indicating that the reaction is kinetically controlled. As the reaction proceeds, the variation of the rate constant with degree of polymerization is different for the different Peclet numbers. For Pe 100 ϭ1, corresponding to an extensional rate of 1.71 s Ϫ1 , the rate constant falls monotonically with DP and is significantly reduced as compared to the intrinsic rate constant. For Pe 100 ϭ10 (ϭ17.1 s Ϫ1 ) and Pe 100 ϭ100 (ϭ171 s Ϫ1 ) the rate constant initially falls with increasing DP due to diffusion control and then rises due to flow induced molecular orientation. Such behavior is evident in the experimental data of Agarwal and Khakhar. 8 For Pe 100 ϭ100 the rate constant rises to values much greater than the intrinsic rate constant (k rel Ͼ1). The results indicate that significant flow induced acceleration ͑more than a 400% increase in rate constant͒ can be realized at relative modest extensional rates. In the case of shear flow somewhat higher shear rates may be required to obtain the same degree of orientation.
The relative rate constant is almost independent of initial concentration (C 0 ) for the concentrations considered. This is a result of two compensating effects. Higher concentrations result in lower diffusivities ͓Eqs. ͑24͒, ͑25͔͒ and thus lower the effective rate constants. However, the rate is given by k eff C 2 and remains unchanged due to the higher concentrations.
A correlation to calculate the effect of flow on the relative rate constant is obtained by nonlinear regression of numerical data as
where k rel,0 is the relative rate constant in the absence of flow. Figure 9 shows that there is a good match between the simulated data points and the fitted curve. k rel,0 can be estimated from the model proposed by Gupta et al., 6 and this in combination with the present model gives the estimate of k rel,Pe for a given Peclet number.
V. CONCLUSIONS
Finite difference computations of the diffusioncontrolled polymerization between rodlike molecules in an extensional flow are presented. The number density profiles and relative rate constant under flow and no flow conditions are compared. These show that flow shifts values of the rate constant are higher but the nature of the curves remains similar.
An increase in the dimensionless parameter ␣, which is a measure of the homogeneous rate constant, shows a decrease in k rel . The rate constant decreases sharply with decreasing rotational diffusivity ͑increasing s͒ but anisotropy in translational diffusion given by ␥ is seen to have very little effect on k rel for small ␥. With an increase in the critical 9 . Variation of the ratio of the rate constant with (k rel,Pe ) and without (k rel,0 ) flow with Peclet number ͑Pe͒. The symbols are the computed results shown in Fig. 8 for Pe 100 ϭ100 for C 0 ϭ0.1 and the solid line is the fitted curve given in Eq. ͑29͒.
angle of orientation ( c ), k rel increases, and the factor c ͱs is shown to determine the value of k rel when all other dimensionless parameters are kept constant. During polymerization, the rate constant increases with the degree of polymerization beyond a critical degree of polymerization (DP c ) and for sufficiently large extensional rates, and DP c decreases with increase in the extensional rate. A significant result of the study is that the relative rate constant increases to values greater than unity, which implies that the rate constant is higher than the intrinsic value. Flow induced orientation results in a higher number density of molecules which satisfy the reaction criterion ͑orientation angle less than the critical value, c ). Thus the relative rate constant, which is based on the bulk number density, becomes larger than unity. In analogy to template based catalysts 29 and molecular sieve catalysts 30 where adsorption and size exclusion modify the concentration of molecules available for reaction here, flow arranges molecules into orientations favorable for reaction. Such flow induced acceleration of reactions is of practical significance for large anisotropic molecules since it occurs at quite modest extensional rates. Higher shear rates would be required to obtain the same orientation in simple shear flow.
The implication of these results are two-fold: ͑i͒ controlled flows can be used as tools to modify reaction rates and selectivity in reactions between large anisotropic molecules and ͑ii͒ kinetic studies of such reactions must include flow induced orientation as a parameter. These enlarge the scope of flow in liquid state reactions beyond the traditional one of mixing of reactants.
